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THEMATICAL PREREQU SiTES
MATHE R JUR
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TRIGOROMETRY !
. Definitionz
sin 6 = ajc e 0= c/a £ & | b | om v
cos f = bfe sec 8=c/b :'____|1 a B L - =
tan § = a/b cot 6= b/e 1 o i : i
. Signs in the four quadrants I Smrd | - ral
| 1 H
| = = i = [
il it _ L L _
WA ._,&_.ri L O M _Limit the use of quadrants. Have a |
| i 7 TN _.Q.f.'thomugh understanding of the
HE 52 ! ‘trigonometric  waves’.  Never
express the direction of a force,
velocity, etc in terms of quadrants.
Miscellaneous relations 4, Law of sines
sin® @ + cos® # = 1 E=é§_fl
1 + tan® ¢ = sac* 6 b sinB
1+ cot? 6 = cse” § )
a b =& 2RI ‘
o 8 e — (0%0 = 19 2 9‘5’”@/2 c7al
sin = = V3l — cos ¢ 0 — L Sio .Sm J X b
. OS(D'7_ o3 /2 /-,Q /.:‘,C' r{,{du 0]’ SRR
{1 s iS4 =
cos 5 = V1 + cos 0 e clrcum fH’CL —

sin 20 = 2 sin #cos

cus 26 = cos? ti — sin? 4

sinfa =b) =sinacosb zcosesind
cos (@ = b) = cosacosb Tsinasind

5. Law of cosines

a? + b% —- 2chcos C
% + b% 4+ 2%bcos D

2

0 0
[

Sine and cosine junctions ‘hn calculus, angles are measured in
radians, so that sin z and cos = have period 2. sin z is odd, sin (—z) = —sin z,

end cos z is even, cos (—z) = cos 2.

Peviod o} S1N {"= an

a

fan{ = 01

sinz

?Notc the fact that angles in degrees( ) and logarithm to the base 101 log ;) are,
in a strict sense, not mathematically acceptable even though we use them quite
often. We have “invented’ these for our intuitive convenience.
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Tangent, cotangent, sceant, cosecant

COs
Rl = —/———, S¢rp= — o
CO0y o sm cos &

tatn 2 <+ lan ¥

1
cse X = ——

5 =

tan x — tany

and{r — y) =

—lan rtany

I +tan xtany
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R i | i
-5k —5 |-
|
lanx colzx
Hyperbolic functions {(hyperbolic sing sinh z, efe.:
sinh £ = 1{e® — %), costi z = }(e® + e~)
sith z 5 cosh'z
tanh # = ———  cotht &£ = ——
COsh x sinh =
cosh = 4 sinh = = €7, cosh = —sinhz = e™*
cosh? 2 — sinh?z = 1
sinh? z = $(cosh 2z — 1), cosh® z = J(cosh 2z + 1)

tanh 2 & tanh ¥

sinh = cosh y = cosh z sinh ¢

cosh = cosh ¥ & sinh zsinh »

tanh (= + 1!) =
1 4 tanh 2 tanh y
Ay "
4ir - r - |
s e \ J»".S'il"lh"l'—'t". -€ 4
Coshy = ¢°+€ \ 7 =
“ kY B " f‘r 'f wL=0, L '
2=0, coshx=1% \ ! sinb =0 .,
= kS Z- if A=10. 2
a=+ve, rcoshx +ve large \ Sinhx = + Lovge value
t —_ ede fl' iF a=-10, | .
s ginhy = —ve large value /,f
| F ‘,/I i § . \ Va .
. g* 2 = -~ -2 B 2
~
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'.If'l.
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‘f
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sink 7 fduihed) and cosh tanh = (dashed; ard cotl.




INTEGRALS
j' . l.n-l -
_'” d_' = = — -~ g -
J : ; n o+ 1 !‘//)f{ Jmpmfo?/)ll /IOZ(E
_ Numerical techniques are
B o T widely used in Engineering
* for the solution of differential
P o equations,  Runga- Kutta
| aa T bvdy = o ita + ba” methods  being  the most
‘popular’  ones. There is,
- however, a dangerous
e
( e g = — tendency among many
. a R e
engineers to adopt these
I s di = s techniques, ignorant of the
: fact that closed- form
r _ solutions are available. A
Jcosxdx = sinx substantial variety of
: . _ problems in Mechanics can be
[ 5 1 + sinx : .
| secxdx = Zln =————= solved with a mastery over
J 21 -snx . . pia
ordinary differential
, £ equations of the first order
I s and ordinary linear
differential equations.
x*  sin 2x Especially useful in Dynamics
J cos?xdx = = +
’ 2 4 are
1 _Cfi+f(x)g:4)(x)
: sin” x 60(
sin x cos x dx = =
2 and

i sinh x dx = cosh » -

| cosh x dx = sinh x

—
1
ot

anh x dx = Iln cosh x

| Inxdr =xlnx - &

S“@ dv = In EF(Q&J
e

d .zv R C{ + /.6 = f(xJ
Ax? R%c v i
Very often, some ‘tricky’

substitutions may simplify a
DE to one of the above-

mentioned DEs.
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'NTEGRALS (Continued)

: . U— —u-—-
oy’ o dwae) dh du Yoo dx dx
—_— T ol A e fpe— S == - = s
dx dx a’ dx dx v
lim sin Ay = sindy = tan ¢x = adx
2x =)
Im cos Ay = cosdy = 1
Ax -0
dzin oy & cus &otan x
ikl SRR .8 = —gin X bt = gpe”
dx ix dx
a sinh x , cosh _ d tanh 5
—— = cozh x, —— == ginh x, = zech” x
cx dx dx

| el 2":&; o @ ¥ These Integrals are frequently
ve: T 8 . encountered in Dynamics.
« J dx : an'] vJab a ¥ e =
a & bx* J— b tank! @ =g a
® [_xde 1 oo % [de =1L /n(dl-!-x)
P In (@ + bx%) le_xz a \a-

«fof
s a+
J x cosxdx = cosx + x sinx -é-— [a-f-f}l ﬂ{ﬂ(a’“bl)]

J _dx___ =Inkx + JxA = a?

%i

stinxdx = §inx — X COSX

.--r-'-,,

v‘x2 + a2
ax N
#f dr *Je sinpx dx =
" 2. 2 a ax < _ 2 1'}
/a g__. (aSmPI PCO_,!D y
R o 2, p2
[ ,r—ﬂ—; = JE = o AP
S — fca O.SP.X o{x -~
{_iﬁ'i’-'_ 5w BT P ax (a cosp.z’ +p5mp.k J
W e AP
o ... 1 2 TaNak ()
a__brz‘l - \I?_LE- h(ln"\ ( 3
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ANALYTIC GEOMETRY

1. Straight line 3. Parabola

X N

I = ]m
|
B 1
b e i $ -
y=a+ mx
2. Circle 4. Ellipse
¥
I !
|
—— -
3
x2+_\'2:r2 e

a
(x—al+(y -8 =1

/1 case 'perimelers’ of any
closed curve or "lenalh’ of a curve
is required lo be Jound, perjorm

f/f-r( 4ldx)* dx i He réqm‘rec{

-a/om ain .

___Soun GEOMETRY

. Sphere 3. Right .i.cular cone

Volume = %m’s _ Yalume = %'m'zh s "
Surface area = 4772 Lateral area = #7L
L=+ h?
. Spherical wedge fses % 4. Any pyramid or cone
Voiwme = 236 i Volume = 1Bk

where B = area of base




PLANE GEOMETRY

1. When two intersect-
ing lines are, respec- J #

tively, perpendicular
to two cther lines,

the angles formed by
the two pairs are equal. 6=6,

2. Similar triangles

x _h -y
b h
3. Any triangle \ |
Area = %bh ?
|
/ 4 §

fl C,_, /% d:amez’er
_J.,..T .fa CD

L CA. 08 =0C.0D

CURVATURE
- @7
Pry = 72
Radius of dx?
curvature ]’rz . féi)z]:sm
L —\aé,

A=)
<
I

ds is an arc of He
circle of curvalure

=
\ ¢ |
\. -
pointof P
mf/ecffon Y- gPap
4y change
%, s 0= ds

5. Every triangle inscribed
- | -]

4. Circle
Circurnference = 247
)
Area = wre

Arc lengths = re
Sector area = ir’y

within a semicircie is
a right triangle.

G+ by =n/2
6. Angles of a tnangls
#y + 8y + 63 = 180°
i, = A + #H, by
LOGARITHM
= 2.71828 18284 59045 23536 02874 71353
€V = v, é*fe! = v, (%)Y = ¥




PROPERTIES OF PLANE FIGURES

| FIGURE

CENTROID |

AREA MOMENTS

—OF INFRTIA .

J
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% < I o |
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F i % |
| i ™
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|
|
I -
T
| e=b=
i Circular Area a |
] L re
| =
2
i
!
I
!
.i. y I I 7?.?‘"
| i YT R
| !
i | —
| Semicircular c y=i L=(Z-2 s
| ) |
| area [ N T 87 e
! N Y i
! I Ny ‘:_ —x 4
! S i
- 4
!
i ¥ L=1I = mrt
f ! ST
! l 4r
i = _=— _4r = [ 7 4 4
i' Quarter-Circular ey s 37 Le=1 = (1 N __J )
| Area ) L
i
| 4
| ik
¥ ! o B ;
J | Ix=%w——%sm‘.‘c‘a}
| Area of Circular | I ¥ =2 rsinc I rt 1
Sector c | * 3 « fy il
!
\.\_)’lr s
I = 3 ri
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Triangular Area

Continued

CENTROID

AREA MOMENTS
OF INERTIA

oA | ;- fi{:
Yo i o3
I i
——
| ' N ! = . bh®
1 {1C ; I= 24
i -——T—=‘t~xo = I| 12
! \ i
—— e _x _ )
: ! | .= Eﬁih!+!43)
R . ] =T
|
[
hh'
L
F=0otb | 12
g |

T b

¥ 3

7 = e
| 2=
| 4
L
Area of Elliptical | 5 — =
P | I_-_- & Fﬂb _ 7 ﬂbS

Quadrant

4 )
T {E_?-J

math 7 _ (= _4)
16" 7 \16 94

3

fz—ilgéwhb‘é}
7 - &b
7-3a oo
4 :
[ = @b
! 5
5 =38 -
10 fa? b3
L= c(—-é—
2= abl 51
2ab”
I = 2ab’
7=3a T
8
Py
I, s .31'_5__9
' id
. .1?11375 |
i Q 2 33
g L =208 + 24
1_ s 15
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PROPERTIES OF PLANE FIGURES

AREA MOMENTS
- OF INFRTIA

FIGURE CENTROID
i i

| N\

|I - & C-l' i1

| Arce Segment ‘.-’-:g—-'.;-—ﬂ rI ro= _{"%E—'_
! ® g /

| S,

‘ Quarter and Semicircular Ares

I ™ S

g N | sz
| ! \ ¥ T \ ’
i

| s

| S R

| 4

f Circular Area I _-r_r"‘

e 2

!

—

i

| JJ I = I = ﬂ-:

i: l| X ¥ S

i !

i | — _4r I =[7_8 .4
I Semicircular m y = 3 & (8 9:,-[

| / ST \

! : — ——x 7 T

g

.I

| J.r}"-é

lr _’)I' Ix = I_‘, = -"E

= _ = _4r = = la 4 14
X = y = — = I = (— —_—— &
Quarter-Circular 37 Y 16 9—}
Area
4
Lo T
08

Sector

| . _/\.‘ bors __2 7 sin e ;
| Area of Circular %ﬁ A =%
; o 4 3
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PROPERTIES OF PLANE FIGURES Continued

| . o . AREA MOMENTS
i FIGURE CENTROID ! OF INERTIA
i Rectaripuiar Aven | .l g{_‘
f Yo i d
, : |
i ;
[ ' 7 ! = bhd
. 1C " i I, = ETl
Je -f_h'_—T__--ﬁlﬂ ik : 12
ooh | |
e e e _x i — .
. B ., | | s = ?—ﬁih: + h#)
| : | 12
|
'_ = [
! _ bk’
Fom a+b L= 12
3
1 { | 1
| Triangular Area ' 7= bi?
3
, gk |
| ¢ L
| * A |
; Area of Elliptical _ mab® I = = _ ;_.‘03,3
_;- Quadrant T=da S T ST
i 3z
|
| | T 7{13&‘3 I_ - f._*r _ i\agb
! o U6 YT 16 9
s 3_:7 wab 2 9
.’ Iz = TG—KG +-b%°)
-
Subparabolic Area L3
| I = ab
! : & 21
! yz}ex2=£x2 =3¢ o
i 1 o ¢ %
| AreaA=01 h=%
1 % s wilh -
! ; 10 et B2
| i L, = ab|—+=—
; : 5 21 J
|! Parabolic Area ] 2ab
¥ _ 3 = .
b - 92a fi
e L X ==
g TR g s ,\
2ab | 7 | = 202
as 4 =28 iox VA 4 15
Arez A o bi_,_____IC s d = 8k | 2
1 |; o : % = _5 | ind P
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i
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PROPERTIES OF HOMOGENEQCUS SOLIDS
(m = mass of body shown)

$ODY - MASS MASS MOMENTS
- CENTER OF INERTIA
I, = gmr® + $ml?
Circular L 03
; Cylindrical — Ly, = gmr® + mi®
Shell I, =
Spherical "
.’.‘ Shell —_— Iz = gmrz
- g
Hemispherical $.7 Lo = Ly = I, = §mr®
_ Shell 2 I, = Sme?
X
2~ Sphere - I, =2m2
Zi I.=1,=1_=%2m?
Hemisphere x = B _n _” ;_ °
8 Ly = e = 320”"'2
x
o L
=B -
—— Uniform Ly = fymi®
(‘.7 Slender Rod I, = iml?




PKOPERTIES OF HOMOGENEOQUS SOLIDS(Continued)

MASS MASS MOMENTS
BODY CENTER " OF INERTIA
x=y - _1
Quarter- Ly = Ly = gmr*
Circular Rod =% I, = m?
w
L, = jmr* + 3mh®
. | 1 2
Conical - 2k Ly, = 4mr* + gmk
Shell S8 I = jmr? .
I, = ymr® + jgmh®
f.)':\' = %nrz + %mhg :
Cf_ﬁa‘ht- _ I, = %n'rir? + fomh? :
Cone 4 I, = '1%”3"2 |
fn, = -2-3(—,4'331"2 + %mfzz
I, = &m@® + ¥ k!
L, = $m@®® + 1)
Rectangular = 1 g2
Perallelepiped = L= St v 8,
yyy = T5mb? + imi?
L, = sm®? + 13
I = bn? + dmi® -
Circular
* Cylinder - Loy = e & gml?




VECTOR OPERATIONS

. Notation. Vector quantities are printed in boldface type, and sca-

lar quantities appear in lightface italic type. Thus, the vector quan-
tity V has a scalar magnitude V. In longhand worl: vecter Guantities
should always be consistently indicated by a symbol such as Vor V
to distinguish them from scalar quantities.

. Addition

Triangle addition P + Q@ = R

Parallelogram addition P + Q = R
Commutative law P + Q = Q+P
Associative law P + (Q + R) = (P + Q) + R

. Subtraction

P-Q=P+ (-Q

. Unit vectors 1i,j, k
N

V=Vi+Vj+Vk
where V=V = JV.2 + VJ,2 + V2

- Direction cosines I, m, n are the cosines of the angles between

V and the x-, y-, z-axes. Thus,
l=V/V m= VWV n=V/V

/
/

&
—-—-};;-———N
7\
\
\

—

\
\
5 U8

/

Commutative l&‘:w P-Q = QP
From the definition of the dot product
. Ek=1
ij=ji=ik=ki=jk=kj=0

P-Q=(Pi+ Pj+ Pk)@Qi + Qj + @k
= P_th -+ P_YQJ" + .Pz =

PP=PF ¢ P2+ P2

Il

i =

~
so that V = Vli + mj + nk) iv,
and P+m2+n2=1
8. Dot or scalar product Q
P-Q = PQcos 6 5
This product may be viewed as the magnitude of P multiplied by
the component @ cos 6 of Q in the direction of P, or as the magni- ;
tude of Q multiplied by the component P cos 6 of P in the direction Q7
of Q. - LQcose

\
-

4

AV
\
:

/
/
VA

v

3
iV, e
"N
\i
x

o

|




It follows from the definition of the dot product that two vee-
tors P and @ are perpendicular when their dot product vanishes,
, P-Q = 0.
The angle 6 between two vectors P, and P, may be found from
their dot product expressinn PP, = P.P, cos 4 which gives

P,-P, Py Py + P].‘.P}:r + Py Py el
cos = —1;-15—— = P-P - ==Ly + mymy + nyng
172 e

where I, m, n stand for the respective direction cosines of the vec-
tors. It is also observed that two vectors are perpendicular to each
other when their direction cosines obey the relation Ijly + mymq
+ nns = 0.

Distributive law ~ P-(Q + R) = P-Q + PR

7. Cross or vector product. The cross product P x @ of the two
vectors P and Q is defined as a vector with 2 magnitude

[P x Ql = PQ sin 6

and a direction specified by the right-hand rule as shown. KHeversing

the vector order and using the righi-hund rule give @ x P =
-P% Q.

Distributivelaw P x (Q + &) = P X Q@+P xR

From the definition of the cross oreduct, using a right-handed
coordinate system, we get

ixj=k Iixk=i kxi=j
jxi=-k Lkxj=-i ixk=—j
iXi=jxj=kxk=¢0

-PxQ
Lo
_—
2 6
= 4
l..
) 1
.' . \
t QxP=-PxQ

With the aid of these identities and the distributive law, the vector
product may be written

PxQ=(Pi+Pj+Pk x(Qi=+ Q.1+ @,k)
= (P;,Qz - PZQ_,,}i + (P.Q, — 2.0, + [Pny - PJ,Qx)k

The cross product may also be expressed by the determinant

®




B. Additional relations

Triple scalar product (P x Q)'R = R+ (P x Q). The dot and cross
may be interchanged as long as the order of the vectors is main-

“tained. Purentheses are unnecessary since P x (@ R) is meaning-
less because a vector P cannot be crossed into a scalar Q R. Thus,
the expression may be written

PxQR=PQxR
The triple scalar product has the determinant expansion
B, &y

P,
& @ @
R, R, R,

P x QR=

Triple vector product (P X @ X R= -R x (P x Q = R x
(Q x P). Here we note that the parentheses must be used since an
expression P x @ x R would be ambiguous because it would not
identify the vector to be crossed. It may be shown that the triple
vector product is equivalent to

R-PQ - R-QP
P.RQ - P-QR

(P x g xR
or Px(@Q X R)

The first term in the first expression, for example, is the dot product
R+P, a scalar, multiplied by the vector Q.

8. Derivatives of vectors obey the same rules as they do for scalars.

dapP g = 3 :
TGP =EiaR] vk
d(PHJ__ 'y &
7 P& + Pu
arP-Q) _ P4+ P.Q
di
PxB pr§sbng

dt

10. Integrotion of vectors. If V is a function of x, y, and z and 2n
element of volume is dr = dx dy dz, the integral of V over the

volume may be written as the vector sum of the three integrals of
its components. Thus,

der'—'ifodT+jJ‘VydT+kazdr

®




SOLAR SYSTEM CONSTANTS

Universal! pravitational conslant G = £.67301671) maf'{kg'sz}
ey
o = 3.435(107%) ft*/(bi-sY)
Mass of Earth m. = B.9TE(10%Y ky
- = £.025(10%%) ibf.a?/1y
Period of Barih's rotation (1 sidereal day} =23 h 66 minds
= 23.9344 h
Angular velooity of Earth w = 0,7292{107%) rad/s
Mean ang scity of Barth-Sun line w',= 0.1991(167%) rad/s
Mean velocity of Barth's center about Suy = 107 200 km/h
= §6,612 mi/h
MEAN ' _i f SURFACE |
DISTANCE |ECCENTRICITY' PERICD AN | MASS  {GRAVITATIONAL| ESCAPE
TO SUN CF OREIT  |OF ORBIT| DIANEYER | RELATIVE ACCELERATION | VELOCITY |
BODY |  km (mi) e solar days | km (mi) |TO BARTH boom/s? (/5% ks (mi/si|
’ —
Sun = - - 1892060 "7 335000 f 274 | 616 |
(368 6o | ( (898) (383} |
Moon 384 398~ 0.055 27.32 8476 0.0123 | 1.62 231 |
(238 854)* (2160) | Gs | aan |
| Mercury| 57.3 x 108 0.908 87.97 5000 | foss | 3.47 | 417
(36,6 x 109 , @105 | ! {11.4} [ (259 l
Venus 108 X 100 0.0088 224,70 14et | 0815 8.4 Poo0gd
672 = 10 430 | | e | 63 |
Harth 1466 » 108 £.0187 335,26 12 7421 f 1.000 BN 3 % R
(92.96 x 109 | (1918 ‘ (32.22)° [ 695 |
| Tiwrs 227.8 x 10° 0.063 638.5¢ | 6788 | 0107 | 3.78 [ 5.08 |
! (1416 x 10 (4218) | f (12.5) [ @1 |

* Mean distance to Earth (center-to-center) i
1 Diameter of sphere of equal volume, based on a spheroidal Eerth with a polar diameter of 12 714 km (7900 mi) and an

equatorial diameter of 12
* For nonrotating spherical

756 km (7526 mi)
Earth, equivalsnt to absolute value at sea level and iatitude 37.5°

The evolution of g (acceleration due io gravity)

Newton’s - law' of gravitaticn states F =
Congidering m,
any body at a distance r from

Gmymy/s”.
as the mass of earth and m as the mass of
the centre of earth and

noting that the Universal gravitation constant, G = 6.673

-x 10" m¥kes? and m; = 5.976 x 10%ke
F=(6.673x 10™"} (5.976 x 10*) m/r* gimpiisies to
F=m (3.9877848 x 10"y

If‘mcnlassmisonornearﬁlcsmceofcarth, r can be

approximately taken as r =
is plugged into F,

F=mx 9809234047 )
The highlighted sumber is onr ‘pet’ g = 2.81 mAis”,

6376000 m. When this vahue |

i
|
!
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